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Basic idea

HERTZian contact – global relations
relationship between penetration, load and area of contact
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Basic idea

HERTZian contact – pressure distribution
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Guiding concept of reduction method

”
As simply as possible, but nevertheless exactly”.
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Single axisymmetric contact of arbitrary shape
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1∫

0



δ − t

t∫

0

f ′(x )√
t2 − x2

dx



 dt

(SNEDDON, 1965)

Power-series as shape function:

f (r) :=
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fn (r) =
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(SEGEDIN, 1957)
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π

2
χ (1)

After some simple manipulations . . . integrand has equal structure as in the
1D-model!
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After some simple manipulations . . . integrand has equal structure as in the
1D-model!

Conclusion

With regard to relationship beween load, penetration and radius of contact the
indentation of half-space with an axisymmetric punch of arbitrary profile can be
mapped exactly by an one-dimensional system!
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After some simple manipulations . . . integrand has equal structure as in the
1D-model!

Conclusion

With regard to relationship beween load, penetration and radius of contact the
indentation of half-space with an axisymmetric punch of arbitrary profile can be
mapped exactly by an one-dimensional system!

Necessary change of shape

r̃ 7−→ |x̃ | , fn (r̃) := cn r̃n 7−→ f̃n (x̃ ) := c̃n |x̃ |n with c̃n := κncn , n ∈ R
+

Shape factor: κn :=
δn
δcn

Chinese-German Symposium Nanumanufactoring and Nanotribology M. HEß, Reduction method in contact mechanics



Introduction
Mapping of conforming and non-conforming contacts

Mapping of internal fields within axisymmetric half-space
Inhomogenities

Summary and outlook

Contact without adhesion
Contact with adhesion
Pressure distribution

0 2 4 6 8 10

1

1.5

2

2.5

3

3.5

4

S
h
a
p
e

fa
ct

or
κ

n

Shape factor:

κn ≡ κ (n) :=

√
π

2

nΓ
(
n
2

)

Γ
(
n
2

+ 1

2

)

Hertz: κ
2

= 2

Cone: κ
1

=
π

2

P

P

δc
δδ = π

2
δc

z

z̃

r

r̃

a

a

∆x

`o

f1(r̃)
f̃1(x̃)

k = Ẽ∆x
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Indentation by flat cylindrical punch
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Universal stiffness of normal contact: kges :=
dP

dδ
= 2Ẽa (PHARR / OLIVER, 1992)

k = Ẽ∆x , 1D-model has the same stiffness!
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Indentation by flat cylindrical punch
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= 2Ẽa (PHARR / OLIVER, 1992)

k = Ẽ∆x , 1D-model has the same stiffness!

Conclusion

The indentation with a flat cylindrical punch can also be mapped exactly by an
one-dimensional system!
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Mapping of generalized JKR-theory

Keynote:

The contact with adhesion arises from the contact without adhesion plus a
rigid body translation! (JOHNSON, KENDALL, ROBERTS, 1971)
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Keynote:
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rigid body translation! (JOHNSON, KENDALL, ROBERTS, 1971)
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Immediate Conclusion

The contact with adhesion can be mapped exactly by a 1D-model!
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Structure of unloading part resembles loading by a flat cylindrical punch
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WEBER-Transformation

Conversion of axisymmetric pressure distribution on two-dimensional ones by

projection (WEBER, 1940)
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Axisymmetr. pressure distribution Weber-transform (line load)
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3D-pressure calculable from 1D-spring-pressure by inverse Weber-tranform

Chinese-German Symposium Nanumanufactoring and Nanotribology M. HEß, Reduction method in contact mechanics



Introduction
Mapping of conforming and non-conforming contacts

Mapping of internal fields within axisymmetric half-space
Inhomogenities

Summary and outlook

Contact without adhesion
Contact with adhesion
Pressure distribution

Alternative, applicable to even exponents

Expansion of real pressure distribution . . .

. . . in series of special Legendre polynomials (G.IA. POPOV, 1962; JAFFAR, 2004)
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(HESS, 2007)
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”3D-pressure equal to 1D-spring-pressure divided by s”, but weighting necessary!
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Approach: Boundary stresses equal

in frequency space: p̄0 (ξ)
!
= b pp

c (ξ) q̄0 (ξ)
!
= b qp

s (ξ)
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Correspondence principle – part I –
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Conclusion

By means of correspondence principle the conversion between internal
fields of axisymmetry and state of plane strain/stress is possible!

Simple Connection to 1D-model possible, because of

σp
zz (x , 0) = b−1A2 [rσzz (r , 0) ; x ]

!
= 1√

2π
p

F (x ) : Spring-pressure divided by√
2π equal to plane boundary load.
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Complete algorithm of reduction

Complete algorithm

1 Indentation of 1D-spring-bed with modified punch =⇒P -δ-a-relationship
exact

2 Loading of half-plane by spring-pressure (divided by
√

2π)

3 Detection of plane internal fields

4 Inverse ABEL-transform of plane fields =⇒All axisymmetric internal fields
exact
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Complete algorithm of reduction

Complete algorithm

1 Indentation of 1D-spring-bed with modified punch =⇒P -δ-a-relationship
exact

2 Loading of half-plane by spring-pressure (divided by
√

2π)

3 Detection of plane internal fields

4 Inverse ABEL-transform of plane fields =⇒All axisymmetric internal fields
exact

Disadvantage of correspondence principle
Inverse Abel-transform of plane fields!
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Complete algorithm of reduction

Complete algorithm

1 Indentation of 1D-spring-bed with modified punch =⇒P -δ-a-relationship
exact

2 Loading of half-plane by spring-pressure (divided by
√

2π)

3 Detection of plane internal fields

4 Inverse ABEL-transform of plane fields =⇒All axisymmetric internal fields
exact

Disadvantage of correspondence principle
Inverse Abel-transform of plane fields!

Advantage
Discretization of two- instead of three-dimensional system!
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Contact of HERTZ and HUBER 1904
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Charakteristica of HERTZian contact

Stress distribution at surface (z = 0)
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Charakteristica of HERTZian contact

Stress distribution at surface (z = 0)
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Reduction method shows exactly the same results as theory! (Cf. JOHNSON, 1987)
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Maximum of principal shear stresses
Influence of punch-profil

Change of position of maximum principal shear stresses; results produced with

reduction method!
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Contact of a sphere with adhesion
. . . in case of no external force
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Reduction method leads to exactly the same results as ones of BARQUINS, MAU-
GIS, (1982, 2000)!
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Tangential contact of sphere – partial slip
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Tang. contact of cylinder and inhomogeneous half-space

Kind of inhomogenity

E (z ) = m
E
z α , 0 < α ≤ 1

MINDLINs technique leads to
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Dimension of stick-region:
c

a
=

(

1− Q

µP

) 1

2+α

for α = 1 =⇒ c

a
=

(

1− Q

µP

)1/3

Conclusion

2D-stick-region agrees with 3D-tangential contact of sphere on homogeneous
half-space!
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Summary

Reduction method provides exactly the same results as in threedimensional
case. We showed how to map

conforming and non-conforming contacts with and without adhesion,

the pressure distribution and

the internal fields of axisymmetric half-space.
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Summary and outlook

Summary

Reduction method provides exactly the same results as in threedimensional
case. We showed how to map

conforming and non-conforming contacts with and without adhesion,

the pressure distribution and

the internal fields of axisymmetric half-space.

Outlook

The reduction method is also applicable to

inhomogeneous and layered half-space,

to viscoelastic solids.

. . .
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Thank you for

your attention!

For further reading
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