
Original Article

A discussion of the method of
dimensionality reduction

Ivan Argatov

Abstract

The Method of Dimensionality Reduction (MDR) can be regarded as a formalism for analytical solution of some com-

monly encountered classes of contact problems using a ‘‘mechanical intuition’’ based on the Winkler foundation model.

Such an approach makes it much easier to account for a wide range of physical effects associated with contact interaction

(e.g. friction, adhesion, and damping). However, there is still a controversy about the method and its applications (see,

e.g., the comment on validity of the MDR-based model of rough contact) – which we believe comes from a misunder-

standing of the method itself, and which, in turn, can be reconsidered in view of the recently published book on the MDR.

The MDR was originally introduced for Hertz’s problem of axisymmetric frictionless local contact and was generalized

subsequently for arbitrary axisymmetric geometry of linearly elastic bodies in unilateral local contact. The latter problem,

for which the MDR yields the exact analytical solution, can be viewed as a base case that is used to extend, in a unified

manner, the model of local contact by taking into account adhesion, friction, and viscous damping. In what follows, we

overview the main concepts of the method starting with the base-case contact problem in which the MDR is rooted, and

discuss limitations of the MDR as well. For the sake of their completeness, some criticisms that apply equally to

conventional contact mechanics solutions are also considered. It is emphasized that the axisymmetric Hertz-type contact

problems with a circular contact area constitute the proven range of validity of the MDR, while the extension of the

method to other types of contact (e.g. axisymmetric with a multiply-connected contact area, non-axisymmetric) is a field

ripe for research.
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Base-case problem: Axisymmetric
normal frictionless local contact

Consider two linearly elastic bodies (with Young’s
moduli E1, E2 and Poisson’s ratios �1, �2) bounded
by axisymmetric surfaces z ¼ f1ðrÞ and z ¼ �f2ðrÞ,
which are touching at a single point O chosen as the
origin of the system of cylindrical coordinates (see
Figure 1a). Correspondingly, the gap function (mea-
sured in the initial configuration) is given by

f rð Þ ¼ f1 rð Þ þ f2 rð Þ

In frictionless local contact of linearly elastic
bodies, their elastic contacts are combined into one,
and usually the effective elastic modulus, E�, is intro-
duced as follows:

1

E�
¼

1� �21
E1
þ
1� �22
E2

The Hertzian theory of local contact assumes that
with regard to the question of determining the contact

pressure between the elastic bodies, they are treated as
elastic half-spaces. (This explains why the contact
interaction is called local.) Therefore, under the add-
itional assumption that the contact area, !, is circular
(with radius a), the contact pressure density, pðrÞ,
should satisfy the following conditions of unilateral
contact

p rð Þ50, 04r5 þ1 ð1Þ

p rð Þ4 0)
1

�E�

Z Z
!

p �ð ÞdS

R
¼ d� f rð Þ ð2Þ

Department of Mathematics, Aberystwyth University, Wales, UK

Corresponding author:

Ivan Argatov, Department of Mathematics, Aberystwyth University,

Ceredigion SY23 3BZ, Wales, UK.

Email: ivan.argatov@gmail.com

Proc IMechE Part C:

J Mechanical Engineering Science

0(0) 1–8

! IMechE 2015

Reprints and permissions:

sagepub.co.uk/journalsPermissions.nav

DOI: 10.1177/0954406215602512

pic.sagepub.com



p rð Þ ¼ 0)
1

�E�

Z Z
!

p �ð ÞdS

R
5d� f rð Þ ð3Þ

Here, according to the solution of Boussinesq’s
problem, R is the distance between the point of obser-
vation (with the coordinate r) and the point of inte-
gration (with the radial coordinate �), while dS ¼
�d�d’ is the area element in polar coordinates ð�, ’Þ.

The contact approach, d, of the contacting bodies,
which enters the right-hand side of the governing inte-
gral equation (2) and the non-penetration condition
(3), should be determined from the equilibrium
equation

Z Z
!

p �ð ÞdS ¼ FN ð4Þ

Thus, the base-case problem of axisymmetric fric-
tionless unilateral local contact consists of finding the
contact pressure pðrÞ, the radius a of the contact area
! (where the contact pressure is positive), and the
contact approach d, which for the known contact
force FN and the prescribed gap function f ðrÞ satisfy
the relations (1)–(4).

MDR formalism for the base-case contact
problem

Mapping into the 1D contact problem

First, the so-called discrete linear elastic foundation
(see Figure 1b) is introduced as a system of independ-
ent, identical springs that are fixed to a rigid substrate
and are separated from one another by a small dis-
tance �x (called the discretization step). The stiffness
of every individual spring element is

�kz ¼ E��x ð5Þ

where E� is the effective elastic modulus for the con-
tacting elastic bodies.

Second, the profile of the axially symmetric gap
function f ðrÞ, r 2 ½0,þ1Þ is replaced by an equivalent

1D profile gðxÞ, x 2 ð�1,þ1Þ, for the equivalent
rigid indenter according to the mapping rule

g xð Þ ¼ xj j

Z xj j

0

f0 rð Þdrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 � r2
p ð6Þ

For example, by the above Popov–Geike–Heß rule,
the parabolic profile f rð Þ ¼ r2=ð2RÞ with the curvature
radius R generates the equivalent 1D profile g xð Þ ¼
x2=ð2R1Þ, which is again parabolic but with the
twice-smaller curvature radius R1 ¼ R=2. So, in this
special case, the profile z ¼ f rð Þ is mapped into the
profile ~z ¼ 2f xð Þ, or, in other words, the original para-
bolic profile is stretched by a factor of 2 in the vertical
direction.

Solving the 1D contact problem

When the equivalent rigid indenter is pressed into the
discrete elastic foundation, its local indentation is
given by

uz xð Þ ¼ d� g xð Þ, x 2 �a, að Þ ð7Þ

where the half-length of the contact interval a should
be determined from the unilateral contact condition
stating that the elastic foundation can produce only
positive reaction.

Due to the applied deformation, an individual elas-
tic spring element with a coordinate x produces the
reaction force

�fN xð Þ ¼ �kz � uz xð Þ ð8Þ

where the spring stiffness �kz is given by (5).
Since, in unilateral contact, the spring reaction
forces cannot take negative values, we have (cf.
formula (1))

�fN xð Þ50, x 2 �1,þ1ð Þ ð9Þ

while inside the contact interval, we will have

�fN xð Þ4 0, x 2 �a, að Þ

(a) (b)

Figure 1. Initial contact configuration: (a) base-case contact problem and (b) MDR-based equivalent 1D contact model.
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So, the formulas (7)–(9) determine the contact
interval ð�a, aÞ in such a way that

g að Þ ¼ d ð10Þ

The total normal force needed to press the indenter
against the elastic foundation is evaluated as the sum
of all contributions of single springs �fN xð Þ for
x 2 ð�a,þaÞ, which, as �x! 0, reduces to the
integral

FN ¼ E�
Z a

�a

d� gðxÞð Þdx ð11Þ

Finally, in view of (5) and (9), the 1D distributed
foundation reaction, which is defined as q xð Þ ¼
�fN xð Þ=�x, is simply proportional to the local inden-
tation uz xð Þ, given by equation (7), with the propor-
tionality constant E�.

Inverse mapping (interpretation of the 1D contact
model solution)

The 1D contact problem solved in the previous step
reflects the main features of frictionless unilateral con-
tact problems, but not all (for instance, the surface of
the elastic foundation outside of the contact interval is
left undeformed).

It is remarkable that the MDR establishes direct
equivalence relations between the half-length of the
1D contact interval and the half-diameter of the ori-
ginal contact area (both characteristic sizes are
denoted by the same symbol a) as well as between
the normal contact forces denoted by FN. However,
the interpretation of the contact pressure density pðrÞ
in terms of the 1D elastic foundation reaction q xð Þ is
not so simple and requires the application of some
integral transformation somewhat similar to that
that appeared in formula (6). Nevertheless, for the
base-case contact problem, the MDR yields the com-
plete exact analytical solution (based on the contact
pressure distribution, the elastic displacements outside
the contact area can be recovered as well). It is to
emphasize here that the MDR is based on the
Galin–Sneddon solution1,2 to the axisymmetric con-
tact problem (1)–(3) (see also literatures3–6).

Normal frictionless local contact with
adhesion

In Popov and Heß7 (see Chapter 4), the Johnson–
Kendall–Roberts (JKR) theory of adhesive contact 8

is represented in terms of the MDR, whose elegance
and simplicity can be now fully appreciated. Indeed,
the extension of the 1D base-case contact model,
which accounts for adhesion, is based on the follow-
ing requirement for the individual spring elements (cf.
formula (9))

�fN xð Þ5��fA, x 2 �1,þ1ð Þ ð12Þ

Here, �fA is the absolute value of the normal force
required to break an adhesive contact with the spring
element with a coordinate x. (Note that the convention
of positive compressive spring reaction force is used.)

The quantity �fA is determined through the spring
critical elongation, �lmax, by the obvious formula
�fA ¼ �kz ��lmax, while the latter is obtained from
the JKR theory. The important issue is that the quan-
tity �lmax depends on the radius, a, of the a priori
unknown circular contact area, and this fact is
denoted by �lmaxðaÞ. It is interesting to note that the
reason that �lmaxðaÞ is a function of a is that in the
JKR theory, the contact force FN is lower than that in
the non-adhesive contact by an amount equal to the
force on a circular flat punch of radius a that is just
sufficient to generate a stress singularity with an
energy-release rate equal to the interface energy.

Now, the condition of unilateral contact with adhe-
sion (12) can be rewritten in the form

�fN xð Þ5��kz ��lmaxðaÞ, x 2 �1,þ1ð Þ ð13Þ

Correspondingly, taking into account formula (7)
for the local indentation along with the elastic spring
constitutive equation (8), we arrive at the following
equation for the contact radius (cf. formula (10))

g að Þ ��lmaxðaÞ ¼ d ð14Þ

At the same time, the force–displacement relation-
ship (connecting the contact force FN and the contact
approach d) is given by the same formula (11).

Tangential local contact with friction

Let us consider again the undeformed configuration
of two elastic bodies in local contact shown in
Figure 1(a), but now assuming frictional contact
according to Coulomb’s law. Under the action of
external normal loading FN, the two bodies will inter-
act with each other without tangential stresses at the
contact interface, if and only if they are elastically
similar, i.e. when

1� 2�1
G1

¼
1� 2�2
G2

ð15Þ

where G1 and G2 are the shear moduli of the contact-
ing elastic bodies.

However, any subsequent application of tangential
loading will give rise to tangential stresses, and a ring-
shaped slip region will develop at the edge of the cir-
cular contact area, while inside the contact area, the
frictional forces prevent slipping. These phenomena
can be described analytically in the framework of
Cattaneo–Mindlin theory,9,10 and the radius of the
stick region can be evaluated along with the tangential
stresses and the relative displacements in the slip
region.
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It is interesting and of paramount practical signifi-
cance that for the loading protocol specified above,
the MDR provides the exact one-to-one mapping of
tangential contact with partial slip for arbitrary axi-
symmetric elastically similar bodies (see Popov and
Heß,7 Chapters 5 and 18).

The extension of the MDR formalism to the case of
frictional contact requires to equip the discrete elastic
foundation with the spring tangential stiffness

�kx ¼ G��x

where G� is the effective elastic shear modulus for the
contacting elastic bodies given by

1

G�
¼

2� �1
4G1

þ
2� �2
4G2

Furthermore, the MDR formalism was adopted in
Chapter 6 to deal with rolling contact, which mani-
fests itself in a number of important engineering appli-
cations. This allows to substantially simplify the
treatment of complex contact problems without
digressing into mathematical details. At the same
time, it must be remembered that, being approximate,
the Cattaneo–Mindlin theory is only strictly applic-
able to elastically similar bodies in local contact, or
at least to the case when Dundurs’ constant

� ¼
ð1� 2�1Þ=G1 � ð1� 2�2Þ=G2

ð1� 2�1Þ=G1 þ ð1� 2�2Þ=G2

is equal to zero (see equation (15)), and the same
holds for the results obtained by help of the MDR.

It should be emphasized here that the Cattaneo–
Mindlin solution for static contact is generally
approximate because the predicted slip direction devi-
ates from the assumed frictional stresses at points near
the stick-slip boundary. This error was evaluated by
Munisamy et al.11 and found to be very small, and the
theory of local tangential contact is exact in the spe-
cial case for components exhibiting no Poisson’s
effect. By contrast, when a similar approach is applied
to the problem of rolling spheres, the approximation
becomes less accurate.

MDR as a three-step algorithm for a wide
class of contact problems

Any application of MDR to a given contact problem
consists of the following three steps: 1) mapping (of
the original contact problem into the equivalent 1D
problem for the discrete linear elastic foundation);
2) solving 1D contact problem; and 3) inverse map-
ping (interpretation of the results obtained on the pre-
vious step).

On the first step, the contact problem data (contact
geometry and material parameters) are used to evalu-
ate the input data of the corresponding 1D contact

problem for the special discrete linear elastic founda-
tion. This is achieved by means of the appropriate
MDR transformations called the mapping rules. On
the second step, the 1D contact problem for the
equivalent rigid indenter is solved using the prescribed
loading protocol. On the third step, the obtained solu-
tion of the equivalent 1D contact problem is
employed for producing the solution to the original
contact problem. This procedure requires application
of the corresponding inverse mapping rule.

It should be noted that if the MDR were to be a
method for complete solution of the contact problem,
we would need the three-step algorithm described
above, and in particular, we would need to be able to
map back into the three-dimensional domain to find
the contact pressure and the elastic displacements out-
side the contact area. It is indeed possible to do all three
steps for the base-case axisymmetric contact problem,
though the algebra thus involved is not significantly
easier than in a conventional general solution.1,2

However, in the case of rough contact (see the next
section), where the MDR provides only an approxi-
mate solution, for example, the first two steps of the
algorithm (mapping and solving) and only some elem-
ents of the third step (interpretation) are the focus of
the MDR application, with the end of finding FNðd Þ
and (possibly to some extent) the contact area.

MDR-based model of normal contact for
rough surfaces

So far, the validity of the MDR is reduced to the
question of the validity of the original theories of elas-
tic local contact. It should be emphasized that the
comment12 (see also13–16]), in fact, addresses the val-
idity of the MDR-based model of contact of elastic
bodies with rough surfaces. Since the latter problem is
intrinsically three dimensional, the mapping rules
established in the axisymmetric case may not be
applied, and the MDR approach (as it has been devel-
oped in Popov and Heß7) to the problem of rough
contact uses profound ideas lying at the root of the
MDR methodology.

The analysis in Popov and Heß7 is based on the
property of self-affinity for rough surfaces (that is, the
invariance with respect to transformations x0 !  x,
y0 !  y, z0 !  Hz manifested by fractal surfaces
with the Hurst exponent H when scaled in the spatial
directions with an arbitrary magnification  ) and the
self-similarity of elastic solutions to the base-case con-
tact problem. The latter feature of the contact prob-
lem solutions is grounded in distinctive aspects of the
harmonic potentials in terms of which the contact
problem governing relations (2) and (3) are formu-
lated. This fact is well illustrated in Popov and Heß7

(see Chapter 8) where the problem of heat transfer in
local contact is worked out using the same MDR for-
malism as that developed for the base-case contact
problem.
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To illustrate the MDR-based model of rough con-
tact, we consider the normal incremental stiffness

kz ¼
C

Hþ 1
LE�

FN

LhE�

� � 1
Hþ1

ð16Þ

where L is the characteristic length of the contact
system, h is the root mean square of the roughness,
and C ¼ 1:9412 is a dimensionless constant. Equation
(16) follows from formula (10.30), provided formulas
(10.25) and (10.29) are taken into account (see Popov
and Heß7, Section 10). It is to note here that, in con-
trast to the base-case problem, in the case of rough
contact problem, due to its essential complexity, no
exact mapping rule has been established so far. That is
why, the analytical formulas presented in Chapter 10
and, in particular, equation (16) written out above,
should be viewed as a partially phenomenological
model for normal contact of elastic rough surfaces.
This means that, in its range of validity, the developed
MDR-based model adequately predicts the main fea-
tures of normal contact for randomly rough, statistic-
ally isotropic surfaces, whereas the inverse mapping
(complete interpretation) of the solution to the 1D
contact problem for the equivalent 1D rough profile
and the discrete elastic foundation still requires fur-
ther development and rigorous justification.

Note, by the way, that the constant C in equation
(16) appears to be a product of the normalization
constant C1 ¼ 1:1419 (for the stiffness kz in the so-
called state of complete contact) and another constant
C2 ¼ 1:7 obtained from numerical data based on the
one-dimensional indentation process for the equiva-
lent 1D rough profile. Therefore, the prefactor C in
formula (16) can be evaluated without reference to the
complete contact state, which brings about a contro-
versy with the application of the MDR to non-
symmetric contact systems.

It is to underline that, generally speaking (that is
abstracting from the MDR framework), the form of
equation (16) assumes the contact of nominally flat
rough surfaces. In the case of the contact of fractal
surfaces without long wavelength cut-off, one of the
critical features is that the long wavelength compo-
nents leads to ‘‘clustering’’ of asperity contacts, and
the resulting asperity interaction becomes an import-
ant contribution to the incremental stiffness when
approaching the saturation level.

Nevertheless, it is very important to underline that
the MDR-based model of rough contact does not
employ any fitting parameters that need to be deter-
mined by nature experiments on the contact inter-
action between the real rough surfaces. The
conversion factor lðHÞ for generating the equivalent
1D rough profile from a given randomly rough sur-
face depends on its Hurst exponent H and can be
taken to be � according the rule of Geike, or deter-
mined empirically (see Popov and Heß,7 Section 10.7)
by means of numerical simulations for both the three-

dimensional and one-dimensional cases based on the
criterion of preserving the contact stiffness in the
MDR transformations.

Limitations of the MDR

Now, let us make some important comments on the
MDR application procedure. First of all, it goes with-
out saying that the solutions obtained via application
of the MDR should be a priori considered as approxi-
mate, even though the MDR gives exact solutions
(like in the base-case contact problem). Indeed, the
MDR is based on the infinitesimal strain theory,
linear constitutive relations, and the superposition
principle, and that is why its results are quantitatively
approximate in such contact problems as tribological
ones. Moreover, some additional assumptions can be
introduced to facilitate the use of the MDR (for
instance, the evaluation of the frictional force between
a rigid indenter and an elastomer in Section 11.3
Popov and Heß7 neglects the inertia effects) that, gen-
erally speaking, may lead to a qualitatively different
outcomes from those of a more rigorous analysis.

The validity of the MDR stems from the estab-
lished strict equivalence between the axisymmetric
Hertz-type contact problem and the corresponding
1D contact problem for a Winkler elastic foundation.
It is worthwhile to emphasize that even in the axisym-
metric setting, the MDR works only for singly con-
nected (disk) contacts. For example, the MDR would
not apply rigorously to an annular contact, where the
direct application of the profile mapping rule (6) to a
non-monotonic gap function f rð Þ may even yield nega-
tive values for the equivalent 1D profile g xð Þ.

In complicated contact problems (including mul-
tiple physical effects, e.g., combinations of elasticity,
energy dissipation, friction, and adhesion), the load-
ing protocol plays a very important role and, gener-
ally speaking, a pair of special direct and inverse
mapping rules should be formulated for a given
class of loading protocols. For example, the mapping
rule of Popov in the case of frictionless unilateral con-
tact of viscoelastic bodies is a priori applicable only
for monotonic loadings, when the contact area is not
decreasing in time, because the last condition is a
necessary requirement in the Lee–Radok elastic–
viscoelastic correspondence principle.17 That is to
say that the extension of the MDR formalism for
non-monotonic loadings requires a special consider-
ation and justification.

The MDR deals with mathematical models of uni-
lateral contact, and one can say that the method maps
each of them into some mathematical model of 1D
contact for a generalized discrete linear elastic foun-
dation. If so, special attention should be paid to the
validity of the assumptions (hypotheses) underlying
the mathematical model for the contact problem
under consideration. For instance, the Hertzian
assumption of approximating the elastic bodies in
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local contact by elastic half-spaces implies that the
MDR-based 1D mathematical model for the problem
of frictionless contact between an elastic layer and an
axisymmetric indenter does not account for the thick-
ness effect even though the elastic layer is represented
(through the MDR transformation) by a system of
elastic springs of some finite length.

Needless to say that suggesting a mapping rule,
one need to take care of designing the corresponding
inverse mapping rule. In the MDR, the inverse map-
ping rule literally means an interpretation of the pre-
dictions drawn from the MDR-based equivalent 1D
contact model in terms of the original contact prob-
lem. For example, in the base-case problem, the half-
size of the 1D contact interval straightforwardly
yields the exact value of the contact radius, while
evaluating the contact pressures across the circular
contact area requires a more elaborate inverse map-
ping. The matter is even worse in the MDR-based
1D contact model for rough contact, where the inter-
pretation of the discrete 1D contact zone is still an
open question. In particular, the previously sug-
gested approximate inverse mapping for the area of
contact lacks accuracy in the case of saturated con-
tact close to the full contact situation (see the dis-
cussion in the literatures12–16). However, the
circumstance that the accuracy of this particular
approximate inverse mapping rule for the contact
area drastically decreases with increasing size of the
contact zone should not compromise the whole
MDR, and it only means that a new more sophisti-
cated inverse mapping rule is needed for the contact
area interpretation.

In addition to the previous comment, we would
like to note that the MDR is still far from its comple-
tion, and, in particular, the extension of the MDR for
non-axisymmetric three-dimensional self-similar geo-
metries is still an open question (see Popov and Heß,7

Section 3.5). It is clear that the MDR formalism for
local contact can be further developed and, for
instance, generalized for transversally isotropic elastic
bodies with the plane of isotropy parallel to the con-
tact interface (this question is touched upon in Popov
and Heß7, Problem 7, Section 3.6).

Conclusion

Overall, the MDR represents a unified approach and
a power tool for dealing with a broad spectrum of
contact problems in engineering practice. Its field of
application is as wide as that of the base-case contact
problem and its generalizations discussed above. The
recently published book Popov and Heß7 is illustrated
by a number of non-trivial examples, when the MDR
can be especially useful to get insight into multi-scale
contact and friction phenomena (e.g. Chapter 14 in
Popov and Heß7 considers the phenomenon of acous-
tic emission in rolling contacts, which is still an under-
researched issue). At the same time, the versatility of

the MDR must not be overestimated, and in the
ambiguous situations the MDR-based results should
be verified by a much more tedious finite element ana-
lysis, or otherwise the contact model assumptions
should be reassessed. On the other hand, the MDR
should not be regarded as a general purpose numer-
ical method for contact problems. The practical sig-
nificance of the MDR is that its development strives
to establish the continuum mechanics-based link
between the macro- and micro-scales in contact mech-
anics and friction.
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Author’s closure on ‘‘A discussion of the
method of dimensionality reduction by
Ivan Argatov’’

by V.L. Popov

I basically agree with the view presented in the
paper by Argatov. In particular, it is clear that the
MDR only provides an another interpretation for
the results of the well-known theories of non-adhesive
and adhesive normal contact and for tangential con-
tact of axis-symmetrical bodies as well as for contact
with linearly elastic elastomers. These classical solu-
tions are associated with the names of Green, Collins,
Sneddon (normal contact), Cattaneo, Mindlin,
Jaeger, Ciavarella (tangential contact), Borodich,
Yao, Gao (adhesive contact) as well as Lee and
Radok (contact with viscoelastic media). It provides
a simple intuitive picture for solution of all above-
mentioned classes of contact problems. I also agree
with the idea to stress once more that the contact
with elastic foundation is only an intermediate step
of computation in the framework of the MDR. The
considered elastic foundation is only a formal math-
ematical object which should not be over interpreted
in the sense of real form of interaction in the original
system. This point is in reality the central point of the
most confusion about the MDR. Our observation
shows that many readers who see the picture of an
elastic foundation start thinking that it is this founda-
tion which is the object of consideration. This is of
course completely wrong: The true object of consid-
eration is the three-dimensional contact, and the elas-
tic foundation is only an intermediate step of
calculation. In this sense, I find that it is a good
idea to stress, that the calculation in the framework
of the MDR has to be completed with the third step of
‘‘interpretation’’ (or inverse transformation).

However, the paper of Argatov also touches upon
some statements which I do not agree with. The main
confusion in the current criticism of MDR (including
the mentioned paper by Persson12) is connected with
the notion of ‘‘validity’’ of a method. This notion can
only be defined conditionally. The MDR can be valid
and not-valid at the same time depending on what
quantities we consider. I would like to discuss two
properties – the force–displacement relations and the
contact area.

. Force–displacement relations: Let us consider a
non-adhesive contact of elastic half-space with
another body of arbitrary topography. For this
contact, the normal force FN will be some monot-
onous function of the indentation d, that is
FN ¼ FNðd Þ. It is clear that it is always possible to
construct such a one-dimensional profile gðxÞ
which will provide exactly the given dependence
of the normal force on the indentation depth.
The only prerequisite for this possibility is the
monotonous dependence of the force on the inden-
tation depth which is given for any non-adhesive
contact. Thus, with regard to the force–indentation
relation, the MDR will be always and exactly
applicable independently of the form of the ori-
ginal topography. The only difference between dif-
ferent topographies is not the principal
applicability or non-applicability, but the availabil-
ity of the rule for calculation of the effective one-
dimensional profile. In the case of axially-
symmetric profiles, this rule is given by the
equations of Galin–Green–Sneddon, while for
non-axially-symmetric profiles, the exact form of
the transformation is not known yet. However,
there exist an approximate transformation for the
case of self-affine randomly rough surfaces which
was analytically derived by consideration of self-
similarity of the contact problem and validated
numerically. For any other topographies than
these two classes, the MDR – with regard to the
force-displacement relations – is of course still
applicable, but the transformation rule is not dis-
covered to this moment. On the other hand, there is
a number of contact problems which can be
reduced to the normal contact problem. These
are: tangential contact and normal contact with
linearly viscoelastic bodies. ‘‘Can be reduced’’
means in particular that if two systems have the
same relation FNðd Þ for the normal elastic contact,
then they will have the same behavior in tangential
contact and in normal contact with a viscoelatic
medium. The above-said means that all mentioned
classes of contact problems can be solved with
MDR for absolutely arbitrary profiles (not neces-
sarily axis-symmetric), provided the effective one-
dimensional profile is known (or that the normal
contact problem has been solved).

. Contact area: Completely different situation occurs
in the case of the contact area. At least for the
above-mentioned approximate rule for the generat-
ing of equivalent profile for rough surfaces, the
contact area cannot be described correctly in the
framework of the MDR, the reasons for which are
described in detail in the book.7

In conclusion, I would like to stress that the notion
‘‘validity’’ of the MDR is basically senseless as it must
be completed with the restriction of the quantities
which have to be described. This feature is not special
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for the MDR, but is implicitly assumed for any
theory. The MDR is valid for any non-adhesive con-
tacts independently of the topography, for any
normal contacts with linear elastic viscoelastic
media, and for any tangential contacts (within typical
assumptions of the theories of Hertz or Mindlin as

half-space-approximation, elastic similar media and
so on). It is not valid for the contact area (at least
with the presently available approximate rule for gen-
erating equivalent profile for rough surfaces).
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